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Abstract. A dynamical model of a thin rectangular plate under in-plate parametrical narrow band 
noise excitation was proposed based on the elastic theory and the Galerkin’s method. Firstly, the 
model was perturbed applying the multiple scale method, subsequently the averaged equation in 
Ito form was obtained. Subsequently, the stochastic moment stability of the steady state responses 
was studied by Floquet theory and the moment method. Finally, the second order moment of the 
system was calculated. The moments can be used to estimate the statistical characters such as 
mean and variance of the responses. The numerical simulation was carried out and the results are 
consistent with the theatrical analysis.  
Keywords: thin rectangular plate, narrow band noise, moment method. 
1. Introduction 
Much attention has been drawn to the nonlinear oscillation of thin plates in the past three 
decades. Numerous nonlinear phenomena such as bifurcations and chaos have been observed. 
Among these studies, the response of simply supported thin rectangular laminated plates subjected 
to harmonic excitation is analyzed [1]; the bifurcations and chaos of a rectangular thin plate with 
1:1 internal resonance have been investigated [2]; both the local and global bifurcation of 
rectangular thin plate excited parametrically and externally have been calculated respectively 
[3, 4]; the bifurcations of a thin plate due to flow-induced vibrations are considered and a 
finite-dimensional analysis were given [5-7]. However, these studies about the vibration of the 
thin plate induced by stochastic excitations are few. The first-mode approximate response of thin 
rectangular plate subject to the Gauss white noise excitation with frictional boundaries has been 
analyzed [8]. The response of shape memory alloy thin plate subjected to Gauss white noise is 
detailed in reference [9]. Anyway, the studies on the thin plates subjected to narrow band noise 
excitation are few. As we know, the narrow band noise is a kind of more reasonable mathematical 
model than harmonic excitations to simulate the real condition. Thus, there remains a need for 
exploring the responses of the thin plate under narrow band noise excitation. 
In this paper, we focused on a rectangular thin plate under narrow band noise excitation. In 
Section 2, the von Kármán equation and the Galerkin method were used to obtain the ordinary 
differential equation governing the motions of the frictionally-bounded rectangular thin plate. 
Then the multiple scale method was applied to get the stationary state response. Furthermore, the 
Ito-type stochastic differential equation was obtained by linearization, and the responses and 
stability of the noise included system were studied applying the moment method. Finally, the 
numerical simulation was carried out to verify the theoretical analysis. The results quite agree with 
the analysis. 
2. Modeling of the plate 
The length and width of the rectangular thin plate are ܽ and ܾ, the thickness is ℎ. The plate is 
simply supported and ݔ = 0 and ݔ = ܽ. The coordinate system is establish, as shown in Fig. 1. It 
is assumed that ݑ, ݒ, ݓ represent the displacement of a middle plane point of the thin plate in the 
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ݔ, ݕ and ݖ directions. The in-plane narrow band noise excitation is imposed at ݕ = 0 edge which 
has the expression that: ݌(ݐ) = ݌଴ + ݌ଵcos[Ωݐ + ߜܹ(ݐ)], where ݌଴ denotes the steady pressure, 
Ω means the fundamental frequency of the excitation, ߜ denotes the strength of the noise, and 
ܹ(ݐ) is unit Wiener process. The friction force [10] is imposed at ݕ = ܾ edge, which is in the 
form of ܨ = ݇ பப௧ ൬
ଵ
ଶ ׬ ቀ
ப௪
ப௬ቁ
ଶ௕
଴ ݀ݕ൰, where ݇ is the coefficient of boundary friction. 
 
Fig. 1. Model of a rectangular thin plate and the coordinate system 
The transverse vibration function can be given by the von Kármán equation for the thin plate: 
ܦ∇ସݓ + ߩℎ ∂
ଶݓ
∂ݐଶ + ߤ
∂ݓ
∂ݐ =
∂ଶ߶
∂ݕଶ
∂ଶݓ
∂ݔଶ − 2
∂ଶ߶
∂ݔ ∂ݕ
∂ଶݓ
∂ݔ ∂ݕ +
∂ଶ߶
∂ݔଶ
∂ଶݓ
∂ݕଶ , (1)
∇ସ߶ = ܧℎ ൥ቆ ∂
ଶݓ
∂ݔ ∂ݕቇ
ଶ
− ∂
ଶݓ
∂ݔଶ
∂ଶݓ
∂ݕଶ ൩, (2)
where ∇ସ= ∂ସ/ ∂ݔସ + 2 ∂ସ/ ∂ݔଶ ∂ݕଶ + ∂ସ/ ∂ݕସ  is the multiple harmonic operators, ߩ  is the 
density of thin plate, ߤ is the damping coefficient, ݀ is the bending rigidity, ܦ = ܧℎଷ/12(1 − ߥଶ), 
ܧ is Young’s modulus, ߥ is Possion’s ratio, and ߶ is the stress function: 
∂ଶ߶
∂ݕଶ = ௫ܰ ,   
∂ଶ߶
∂ݔଶ = ௬ܰ ,
∂ଶ߶
∂ݔ ∂ݕ = − ௫ܰ௬, (3)
where ௫ܰ, ௬ܰ, ௫ܰ௬ are the components of the in-plane stress resultant. The boundary conditions 
are assumed to be: 
ݓ = ∂
ଶݓ
∂ݔଶ = 0，ݑ = න ቈ
1
ܧ ቆ
∂ଶ߶
∂ݕଶ − ߥ
∂ଶ߶
∂ݔଶ ቇ −
1
2 ቆ
∂ଶݓ
∂ݔଶ ቇ቉ ݀ݔ
௔
଴
= 0，ݔ = 0, ݔ = ܽ. (4)
The boundary condition of ݕ = ܾ edge can be expressed as: 
න (∂ଶ߶/ ∂ݔଶ)
௔
଴
݀ݔ = −ൣ݌଴ − ݌ଵcos൫Ωݐ + ߜܹ(ݐ)൯൧ܽ. (5)
The transverse deflection ݓ of the first order modular is expressed as: 
ݓ(ݐ, ݔ, ݕ) = ݍ(ݐ)sin ቀߨݔܽ ቁ sin ቀ
ߨݕ
ܾ ቁ. (6)
Substituting Eq. (6) into Eq. (2), and considering the boundary condition Eqs. (4), (5), the 
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stress function can be solved, then applying Eq. (3) the internal force can be obtained: 
௫ܰ =
ߨଶ݂ଶܧℎ
8ܽଶ ൬1 − cos
2ߨݕ
ܾ ൰ − ݒൣ݌଴ − ݌ଵcos൫Ωݐ + ߜܹ(ݐ)൯൧,
௬ܰ = −
ߨଶ݂ଶܧℎ
8ܾଶ cos
2ߨݔ
ܽ − ൣ݌଴ − ݌ଵcos൫Ωݐ + ߜܹ(ݐ)൯൧ + ܨ,
௫ܰ௬ = 0. 
(7)
Substituting Eq. (6) into Eq. (2), and by applying the Galerkin approach, the nonlinear 
vibration equation is given: 
ݍሷ + ߤ݉ ݍሶ +
ܴߨସ
݉ ൬
1
ܽଶ +
1
ܾଶ൰
ଶ
ݍ + 4ߨ
ଶ
ܾܽ݉ ݍ න න ൤൬
௫ܰ
ܽଶ +
௬ܰ
ܾଶ ൰
௕
଴
௔
଴
sinଶ ߨݔܽ sin
ଶ ߨݕ
ܾ
      − ௫ܰ௬2ܾܽ sin
2ߨݔ
ܽ sin
2ߨݕ
ܾ ൨ ݀ݕ݀ݔ = 0.
(8)
Considering the Eq. (7), the Eq. (9) can be rewritten as: 
ݍሷ + ߱ଶݍ + (2ܿ + ߚݍଶ)ݍሶ + ߙݍଷ = ݂ݍcos[Ωݐ + ߜܹ(ݐ)], (9)
where: 
ܿ = ߤ2݉,   ߱
ଶ = ܦߨ
ଶ
݉ ൬
1
ܽଶ +
1
ܾଶ൰
ଶ
− ݌଴
ߨଶ
݉ ൬
ߥ
ܽଶ +
1
ܾଶ൰,
ߚ = 3݇ߨ
ଶ
8ܽଶܾ݉ ,   ߙ =
ߨସܧℎ
4݉ ൬
3
ܽସ +
1
ܾସ൰ , ݂ = ݌ଵ
ߨଶ
݉ ൬
ߥ
ܽଶ +
1
ܾଶ൰.
Considering, ݐ∗ = ߱ݐ , ݔ = ݑ/√ܾܽ , ߜ∗ = √߱ߜ , ߙ∗ = ߙܾܽ/߱ , ߤ∗ = ߤ/(݉߱), ߚ∗ = ߚܾܽ/߱ , 
݂∗ = ݂/߱ , Ω∗ = Ω/߱ , then substitute the above no dimensional variables into Eq. (9) and 
dropping the over star yields the dimensionless function as following: 
ݔሷ + ݔ + ߝ(2ߤ + ߚݔଶ)ݔሶ + ߝߙݔଷ = ߝ݂ݔcos[Ωݐ + ߜܹ(ݐ)], (10)
where the ߝ denotes the mark for small perturbation terms. 
3. Modeling of the plate 
The uniformly approximate solution of Eq. (10) is expressed in the following form: 
ݔ(ݐ, ߝ) = ݔ଴( ଴ܶ, ଵܶ) + ߝݔଵ( ଴ܶ, ଵܶ) +⋅⋅⋅, (11)
where ଴ܶ = ݐ, ଵܶ = ߝݐ are fast and slow time scale respectively. 
In this study only the first-order uniform expansion of the solution ݔ଴( ଴ܶ, ଵܶ) is calculated. 
Denoting ܦ଴ = ∂/ ∂ ଴ܶ, ܦଵ = ∂/ ∂ ଵܶ, the ordinary-time derivatives can be transformed into partial 
derivatives as: 
݀
݀ݐ = ܦ଴ + ߝܦଵ +⋅⋅⋅
݀ଶ
݀ݐଶ = ܦ଴
ଶ + ߝଶܦ଴ܦଵ +⋅⋅. (12)
Substituting Eqs. (11), (12) into Eq. (10), and comparing coefficients of ߝ with equal powers, 
one obtains: 
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ܦ଴ଶݔ଴ + ݔ଴ = 0, 
ܦ଴ଶݔଵ + ݔଵ = −2ܦ଴ܦଵݔ଴ − ߙݔ଴ଷ − (2ߤ + ߚݔ଴ଶ)ܦ଴ݔ଴ + ݂ݔ଴cos ቀΩ ଴ܶ + ߜܹ̅(ݐ)ቁ. (13)
The general solution of Eq. (13) can be expressed as: 
ݔ଴( ଴ܶ, ଵܶ) = ܣ( ଵܶ)exp(݅ ଴ܶ) + ܿܿ, (14)
where the ܿܿ is the complex conjugate of its preceding terms, and ܣ( ଵܶ) is the slowly varying 
amplitude of the response. Substituting Eq. (12) and Eq. (14) into Eq. (13), yields: 
ܦ଴ଶݔଵ + ݔଵ = −2ܦଵܣ݅e௜ బ் − ߙ(ܣଷe௜ଷ బ் + 3ܣଶ̅ܣe௜ బ்) − 2ߤ݅ܣe௜ బ் 
      −ߚ(݅ܣଷe௜ଷ బ் + ݅ܣଶ̅ܣe௜ బ்) + 12 ݂e
௜൫ బ்ାఋௐ( భ்)൯ + ܿܿ, (15)
where the over bar stands for the complex conjugate, ߜ = ߜ̅/√ߝ . For Wiener process ܹ(ݐ), 
ܧ[ܹ(ݐ)] = 0, ܧ[ܹଶ(ݐ)] = ݐ, one has: 
ߜܹ̅(ݐ) = ߜ
̅
√ߝ ܹ(ߝݐ) = ߜܹ( ଵܶ). (16)
We focus on the primary resonances of the system Eq. (1). Introducing the detuning parameter 
ߪ as follows, Ω = 2 + ߝߪ. One has: 
Ωݐ = 2 ଴ܶ + ߪ ଵܶ. (17)
Using the above Eq. (17) and eliminating the secular terms of Eq. (15) yields: 
1
2 ̅ܣe
୧ௐ்ఋା୧ఙ భ்݂ − 3ܣଶ̅ܣߙ − 2iܦଵܣ − ݅ܣଶ̅ܣߚ − 2݅ܣߤ = 0. (18)
Expressing ܣ( ଵܶ) into the polar form: 
ܣ( ଵܶ) = ܽ( ଵܶ)exp[݅߮( ଵܶ)]. (19)
Substituting Eq. (19) into Eq. (18) and separating the real and imaginary parts of Eq. (18) 
yields: 
݀ܽ
݀ ଵܶ = −ߤܽ −
1
8 ߚܽ
ଷ − 14 ݂ܽsinߟ, ܽ
݀ߟ
݀ ଵܶ = −ߪܽ +
3
4 ߙܽ
ଷ − 12 ݂cosߟ − ߜܹܽ
ᇱ( ଵܶ), (20)
where ߟ = 2߮ − ߪ ଵܶ − ߜܹ′( ଵܶ), Eq. (11) is the first-order equation governing the modulation of 
the amplitude and phase.  
The steady state response ݀ܽ/݀ ଵܶ = ݀ߟ/݀ ଵܶ = 0 is decided by: 
−ߤ തܽ − 18 ߚ തܽ
ଷ = 14 ݂ തܽsin̅ߟ , − ߪ തܽ +
3
4 ߙ തܽ
ଷ − ߜ തܹܽᇱ(ܶ) = 12 ݂ തܽcos̅ߟ, (21)
where തܽ and ̅ߟ denote the steady amplitude and phase. 
4. Stability 
Different definitions of stochastic stability have been reported: the almost certain stability and 
the moment stability. Subsequently, we discuss the almost certain stability of the trivial solution 
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തܽ = 0 by the linearizing Eq. (20) at (0, 0): 
݀ܽ
݀ ଵܶ = ߤܽ −
1
4 ݂ܽsinߟ, ܽ
݀ߟ
݀ ଵܶ = −ߪܽ −
1
2 ݂cosߟ − ߜܹܽ
ᇱ( ଵܶ). (22)
Let ݒ = lnܽ, Eq. (22) can be written as the following Ito equations: 
݀ݒ = ൬−ߤ − ݂4 sinߟ൰ ݀ ଵܶ, ݀ߟ = ൬−ߪ −
݂
2 cosߟ൰ ݀ ଵܶ − ߜܹ
ᇱ( ଵܶ). (23)
The largest Lyapunov exponent ߣ୫ୟ୶ of the corresponding solution is given by [11]: 
ߣ୫ୟ୶ = limభ்→ஶ
1
ଵܶ
ln ฬܽ( ଵܶ)ܽ( ଴ܶ)ฬ = limభ்→ஶ
1
ଵܶ
න ൬−ߤ − ݂4 sinߟ൰
భ்
଴
݀ ଵܶ = −ߤ −
݂
4 ܧ[sinߟ]. (24)
The almost certain stability of the trivial solution can be determined by the largest Lyapunov 
exponent ߣ୫ୟ୶, when ߣ୫ୟ୶ < 0 the trivial solution is almost certainly stable. Otherwise the trivial 
one is almost certainly unstable. In the deterministic case when ݂ = 0, as known that the Lyapunov 
exponent of system Eq. (10) is ߣ୫ୟ୶ = −ߤ. Such that the trivial solution of Eq. (10) is stable if 
and only if ߤ > 0. When ߤ =0.3, ߜ = 0.1, the variation of ߣ୫ୟ୶ with ߪ and ݂ are illustrated in 
Fig. 2(a), and the corresponding level lines are observed in Fig. 2(b). From Fig. 2(a) and (b), it 
can be seen that ߣ୫ୟ୶ is a decreasing function of parameter |ߪ|. On the other hand ߣ୫ୟ୶ is an 
increasing function of parameter ݂. If the exciting frequency is located near the parametrical 
resonance frequency Ω ≈ 2: the Lyapunov exponent rises up. In short, trivial solution stability of 
Eq. (10) is as same as the linear system. Hence there remains a demand that the nontrivial solutions 
steady state response caused by the nonlinearity should be studied. 
 
a) 
 
b) 
Fig. 2. a) The Lyapunov exponent, b) the corresponding level lines 
The Floquet theory is applied to investigate the stability of the nontrivial steady state response 
തܽ ≠ 0 by linearization [12]. 
Assuming ܽ = തܽ + Δܽߟ = ̅ߟ + Δߟ,  where Δܽ,  Δߟ  are the small perturbation terms, 
substituting the above equations into Eq. (11) and ignoring the high order terms, the linearization 
is expressed as: 
݀Δܽ
݀ ଵܶ = ߤΔܽ −
3
8 ߚ തܽ
ଶΔܽ − 14 ݂sin̅ߟΔܽ −
1
4 ݂cos̅ߟΔߟ,
݀Δߟ
݀ ଵܶ = ቆ
3
2 ߙ തܽ − ߜܹ
ᇱ(ݐ)ቇ Δܽ + 12 ݂sin̅ߟΔߟ.
(25)
Substituting Eq. (21) into Eq. (25) yields the Ito type stochastic equation: 
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݀Δܽ = ൤൬− 14 ߚ തܽ
ଶ൰ Δܽ + ൬12 ߪ തܽ −
3
8 ߙ തܽ
ଷ൰ Δߟ൨ ݀ ଵܶ,
݀Δߟ = ൤3ߙ2 തܽΔܽ + ൬2ߤ −
1
4 ߚ തܽ
ଶ൰ Δߟ൨ ݀ ଵܶ − ߜܹ݀(ݐ), 
(26)
where ܹ݀(ݐ) is the standard unit Gauss white noise. 
It is significant to explore the stable conditions for the steady state solutions. The moment 
method is an effective tool [12] to estimate the steady state solutions statistically. Firstly, we take 
expectations on both sides of Eq. (27), considering the expectation of the Gauss white noise 
ܹ݀(ݐ) equals to zero, one obtains: 
݀ܧ[Δܽ]
݀ ଵܶ =
݀ܧ[Δߟ]
݀ ଵܶ = 0,
which yields: 
[൬− 14 ߚ തܽ
ଶ൰ ܧ[Δܽ] + ൬12 ߪ തܽ −
3
8 ߙ തܽ
ଷ൰ ܧ[Δߟ] = 0,
3ߙ
2 തܽܧ[Δܽ] + (2ߤ −
1
4 ߚ തܽ
ଶ)ܧ[Δߟ] = 0.
(27)
The Jacoby matrix is a frequently applied approach to judge the stability of the moment, which 
is expressed as follows: 
det ተ
− 14 ߚ തܽ
ଶ − ߣ 12 ߪ തܽ −
3
8 ߙ തܽ
ଷ
3ߙ
2 തܽ −(2ߤ +
1
4 ߚ തܽ
ଶ) − ߣ
ተ = 0. (28)
The characteristic equation is in the form: 
ߣଶ − ܲߣ + ܳ = 0, (29)
where: 
ܲ = −2ߤ − 12 ߚ തܽ
ଶ，ܳ = ቆ9ߙ
ଶ + ߚଶ
16 ቇ തܽ
ସ − ൬ߤߚ2 +
3
4 ߙߪ൰ തܽ
ଶ. (30)
The roots of the Eq. (29) are: 
ߣଵ,ଶ =
ܲ ± ඥܲଶ − 4ܳ
2 . 
(31)
Obviously, the stable condition of the system Eq. (11) without noise is ܲ < 0,  ܳ > 0 
(condition 1), which demonstrates that the solution is realizable by numerical simulation. And the 
condition for existing complex roots is ܲଶ − 4ܳ < 0 (condition 2), which means there exists 
periodical vibration. We can observe the bifurcation from Fig. 3. 
Then we consider the second order moment of the steady state solutions since the first two 
order moments are of the most importance. Similarly, one has: 
݀ܧ[Δܽଶ]
݀ ଵܶ =
݀ܧ[Δߟଶ]
݀ ଵܶ =
݀ܧ[ΔܽΔߟ]
݀ ଵܶ = 0. (32)
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Applying the Ito’s rule of stochastic differentiation [13], one obtains: 
ە
ۖۖ
۔
ۖۖ
ۓܧ[Δܽଶ] = ߜ
ଶ(4ߪ − 3ߙ തܽଶ)ଶ
4(4ߤ + ߚ തܽଶ)[(9ߙଶ + ߚଶ) − (12ߙߪ − 8ߚߤ)] ,
ܧ[ΔܽΔߟ] = − ߚߜ
ଶ തܽ(3ߙ തܽଶ − 4ߪ)
2(4ߤ + ߚ തܽଶ)[(9ߙଶ + ߚଶ) − (12ߙߪ − 8ߚߤ)]
ܧ[Δߟଶ] = ߜ
ଶ൫ തܽଶ(9ߙଶ + 2ߚଶ) − 4(3ߙߪ − 2ߚߤ)൯
(4ߤ + ߚ തܽଶ)[(9ߙଶ + ߚଶ) − (12ߙߪ − 8ߚߤ)] .
, (33)
Considering Eqs. (14) and (32), one obtains: 
ܧ[ܽ] = തܽ, ܧ[ܽଶ] = തܽଶ + ܧ[Δܽଶ], ܧ[ߟ] = ̅ߟ, ܧ[ߟଶ] = ̅ߟଶ + ܧ[Δߟଶ]. (34)
Form Eq. (33) it is easy to see that, for ܧ[Δܽଶ] ≥ 0,  ܧ[Δߟଶ] ≥ 0,  there must exit  
4ߤ − തܽଶߚ ≤ 0 and (9ߙଶ + ߚଶ) − (12ߙߪ + 8ߚߤ) ≥ 0. One finds that the existing condition for 
second order moment is the same as the stability condition for the first order moment. Then we 
can get the approximate probability density function of the amplitude with the form of normal 
distribution ܰ( തܽ, ܧ[Δܽଶ])  by Eq. (36), where തܽ  denotes the mean and ܧ[Δܽଶ]  denotes the 
variance. 
Fig. 3. Bifurcation of the nontrivial solution with 
detuning frequency 
 
 
 
Fig. 4. The amplitude frequency responses of the 
system (the solid line: theoretical solution, red circle: 
responses of noise free system, black square: 
responses of ߜ = 0.05 noise, solid black dots: 
responses of ߜ = 0.1 noise) 
5. Numerical simulation 
Letting ݂ =  4, ߤ =  0.3, ߚ =  0.2, ߙ =  0.4, ߝ =  0.1, and applying the method proposed in 
reference [14], the numerical results of the first and second moment of Eq. (10) with ߪ are given 
in Fig. 4. For comparison, the deterministic solutions are also given. 
As shown in Fig. 4, it is clear that the numerical results verify the theoretical analysis quite 
well if the density of noise is small. Now, we study the effect of the noise. 
The noise free system has a stable periodical solution which is shown as a limit cycle in the 
Fig. 5(a), while the limit cycle is diffused by the noise as shown in Fig. 5(b)-(c). The noise changes 
the periodical vibration into a quasi-periodical motion. The stronger the strength of noise is, the 
wider the width of the limit cycle will be. 
Eventually, we discuss the probability density of the steady amplitude influenced by the 
strength of the noise. All 1000 sets of narrow band noise with same fundamental frequency and 
strength are imposed to the system. The statistical results and the approximate normal distribution 
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are both given in Fig. 6. From the simulation results, it is clear that large noise strength results in 
large variance.  
a) ߜ = 0 b) ߜ = 0.05    c) ߜ = 0.1 
Fig. 5. The phase plot of the system 
 
a) ߜ = 0.05, ܧ[ തܽଶ] =0.042 
 
b) ߜ = 0.1, ܧ[ തܽଶ] =0.092 
Fig. 6. The probability density of the response  
(circles: numerical simulation, lines: approximate normal distribution) 
6. Conclusions 
In this present paper, a rectangular thin plate excited by in-plane narrow band noise is studied. 
Some results are obtained as follows: 
1) The stochastic stability of the trivial solution is determined by the system’s linear damping 
coefficient and the exciting amplitude. 
2) The noise will diffuse the limit cycle of the noise free system. The width of the limit cycle 
is determined by the noise density. The stronger the noise strength is, the wider it will be.  
3) Appling the moment method, the approximate probability density of the steady amplitude 
is obtained. With small enough noise density, the response is in form of the Gauss distribution. 
The results of the digital solution agree with the analysis. 
This paper enriches the studies on the thin palate vibration problems due to the new exciting 
form. The nonlinear vibration research has been extended to stochastic vibrating field which has 
many potential applications in manufacturing, aerospace engineering and civil engineering. 
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